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Abstract 

This paper is a direct extension of our paper ’’The Standard Model 
on Non-Commutative Space-Time: Electroweak currents and Higgs 
sector” [1], now with strong interactions included. Apart from the 
non-commutative corrections to Standard Model strong interactions, 
several new interactions appear. The most interesting ones are gluonic 
interactions with the electroweak sector. They are elaborated here 
in detail and the Feynman rules for interactions up to O(gl0) are 
provided. 
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1 Introduction 


This paper closely follows the paper by B. Melic et ah. ’’The Standard 
Model on Non-Commutative Space-Time: Electroweak currents and Higgs 
sector” [1], by including strong interactions. In this paper we present a care¬ 
ful discussion of QCD and QCD-electroweak charged and neutral currents in 
the Non-Commutative Standard Model (NCSM) [2] and compute the corre¬ 
sponding Yukawa parts of the action. 

All relevant expressions are given in terms of physical fields and selected 
Feynman rules are provided with the aim to make the model more accessible 
to phenomenological considerations. 

In Sec 12 we briefly review the NCSM. The non-commutative QCD and 
QCD interactions with the electroweak and Yukawa sector are presented in 
Sections 01 and 01 The selected Feynman rules to O(g^d) are summarized in 
Sec. El while Sec. El is devoted to concluding remarks. 

2 Non-commutative Standard Model 

The action of the Non-Commutative Standard Model (NCSM) formally re¬ 
sembles the action of the classical Standard Model (SM): the usual point- 
wise products in the Lagrangian are replaced by the Moyal-Weyl product 
and (matter and gauge) fields are replaced by non-commutative fermion and 
gauge fields (denoted by a hat) which are expressed (via Seiberg-Witten 
maps) in terms of ordinary fermion and gauge fields ip and V^: 

$ = *\y]=4~^6^v a drt + ^\y a ,V(,]ii> + o(e 2 ), (i) 

% = %\y] = V li + ±e af, {d a V li + F aii ,V /} } + 0(6 2 ). ( 2 ) 

Here, F jJV is the ordinary held strength and V) t is the gauge potential corre¬ 
sponding to the SM gauge group structure 

3 8 

v„(x) = g'A,{x)Y +nY, B » n + S'Y. G Y) T s • (3) 

a= 1 b=l 

and Tj] = r a /2, Tj = A 6 /2, with r a and \ b being the Pauli and Gell-Mann ma¬ 
trices, respectively. Here, £>“ and G b represent ordinary U(1)y, SU(2)l 
and SU(3)c fields, respectively. 

The approach to non-commutative held theory based on star products 
and Seiberg-Witten maps allows the generalization of the SM of particle 
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physics to the case of non-commutative space-time, keeping the original gauge 
group and particle content [2-11]. It provides a systematic way to compute 
Lorentz violating operators that could be a signature of a (hypothetical) non- 
commutative space-time structure [12-22], In this paper we do not repeat the 
derivation, but take NCSM action SVjcsm = Sfermions + S gauge + Smggs + 
given already in terms of commutative SM fields, as a starting point. Note 
that the St, CSM action is anomaly free [23]. 

With respect to the gauge sector there are two models: the minimal 
Non-Commutative Standard Model (mNCSM) [2] and the non-minimal Non- 
Commutative Standard Model (nmNCSM) [16]. The main difference between 
the two models is due to the freedom of the choice of traces in the kinetic 
terms for gauge fields. In the mNCSM, we adopt the representation that 
yields a model as close as possible to the SM without new triple gauge boson 
couplings. In the nmNCSM [16] the trace is chosen over all particles on which 
covariant derivatives act and which have different quantum numbers. In the 
SM, these are five multiplets for each generation of fermions and one Higgs 
multiplet. 

Note that the fermion sector of the action S'ncsm is not affected by choosing 
different traces over the representations in the gauge part of the action and 
remains the same in both models. 


2.1 Minimal/Non-Minimal NCSM 

The minimal NCSM gauge action is given by [1] 



where, B^ u {= B^Tf) and G IJjy (— G“ u Tg) denote field strengths. 

In the non-minimal NCSM, the gauge action 0 is extended by new 
gauge terms, Eq. (27) in [1], from where the Lagrangians including gluons 
are derived 


C.,„ = | s i n 29 w K 7OT 9<”[2^(2G; p G^-G;„G^) 
+ SA^G^Gl - ApvG“„G lw ' b ] V 1 , 


(5) 

( 6 ) 



with the following coupling constants 



(7) 
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Details of the derivations of neutral triple-gauge boson terms and the prop¬ 
erties of the coupling constants in © are given in [16,17]. 


3 QCD and QCD-Electroweak Matter Cur¬ 
rents 


The general fermionic action in NCSM reads [1] 


s; = f d 4 x 9 pvp 7 Z 4 ,(F^) D p p] + 0(9 2 ) , (8) 

where 9 ,wp = 9 pyr y p + 9 up 7 ^ + 9 PP 7 " is a totally antisymmetric quantity, -0 
denotes any fermion field, while the corresponding representations for 
various fermion fields are listed in Table 2 of Ref. [1], 

We express the NCSM currents in terms of physical fields starting with 
the left-handed sector. In (f81) , the representation 77^(10) of the SM gauge 
group takes the form 


(Vi) = s' A, IV + g B°T£ + g, GjTj. (9) 

The hypercharge generator Kjp can be rewritten as Yq, L = Q qup — T 3 ?up L = 
Q q down — ^3,<?downi- Then the left-handed electroweak part of the action S0 
can be cast in the form 


S, 


ijj,ew,Li 

J(D = 


J d 4 x(^ L i^ L + ^ L J (l) ^l) , 

j{L) - j(L) 

Qup,L Qdown,L I ^down,Z/ ^21 Qup,L 

i - t( l ) i - A L ) 

T Qup,L dll Qup,L T Qdown,L J 22 7down ,L 


( 10 ) 


where jT'l is a 2 x 2 matrix whose off-diagonal elements (./j^, J 21 ) denote 
the charged currents and diagonal elements (d[\\ d-n ) the neutral currents. 
After some algebra, with gluons included (G M = G p Tg), we obtain 


■4? = f + AY + o(e 2 ), (na) 

= JL\f- + J<7> + O( 0 2 ), (lib) 
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J\l ) — e Qqup 4 “I- ^—(T 3: g - Q qup sill“ 0 W )fi + ^4* 

COS U\v 

+ j[i’ e) + O{0 2 ), (12a) 

A 2 ) = e Qgdown 4 + ~~n (^3,g down ,i - Q<?down sin2 Qw)f + 

COS (7iy 

+ jg’ 0) + G(0 2 ), (12b) 

where and Eqs. (41-43) in [1], receive the following additional 

contributions from the inclusion of gluons 

Ji n e) ■ '?{g,[G„(a p + d p ) + 2(d p G„) 

—i e g s (Qq up — Qqdov,n)AvGp 

—ids Q ( (^3,q U p L ~ ^3,g d ow n ,i) — (Q?u P — Qgdown) S i n @Wj Z v G p 

+i g 2 s G v Gp] , (13) 


jtm . l6^{ig,(d„G,) a p 

—g\ G p G u dp J r{d P G p )G l , + ig^ s G P G V G P 
— e g s Qq up [(<444 (7^ — ((9 p Gy)] 

_ cos0 w 9s ^ 3 ’ q ^ L ~ Q qu p sin2 44 i(dp z tt) Gv - Zp(d p Gy)] 

+2 ,9s hhy G p + ie Q qup g 2 s A p G v G p 

+* CO sQ w VsiT^L ~ Qgup sin2 <V) 4* j > (14) 


while 


J 21 

j(L,d) 

J 22 


j(L,0) 

J 12 

T (L,0) 

J 11 


W~,Q q 


) T 

' (Mown ’ 3 ,< 7 up,Z/ 


In this paper we use the notation (d p q =d p 9 ) and (d p q = q Q p )- 

For the right-handed sector q R represents q R G {q uPt R, 9 d0 wn,R}, and the 
representation TZ qR {V p ) is given by 


— fi 1 -'4' 4” I?/? S'® , 


( 16 ) 
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with SU(3) fields included. Note that for the right-handed fermions we have 
T 3 qR = 0 and Y qn = Q q . The right-handed electroweak part of the action S^ 


-S'v-.ew.a = j d 4 x (q R ify q R + q R J (i?) q R ) , 

J {R) = leQ q 4-eQ q t<mO w Z + g s (£} + j( R ’ 9) + O(0 2 ), (17) 

has the following additional gluon contributions to Eq. (48) in [1] 

J {R ’ e) : \o^ p {ig s {d„Gp)~d p 

~9s GpG u d P +(dpG tl )G l/ +ig^G fl G u G p 

— 9s e Q q [{dpAQ G u — Ap ( d p G v )] 

+ g s eQ q tan 6 W [(d p ZQ G v - Z p (d p GQ] 

+i 9s e Q q [A p - tan 9 w Z p ] G v G p } . (18) 


4 Yukawa Terms 

By the similar analysis as in the preceeding section, one can show that 
Yukawa part of the action 

S t . v„_ = f d‘x J2 [>’ (N?® + 75 < W) ) d, (l) 

J hj=l 

+# ) «„ <W + 75A r »t W) )“ W 
+fi (i) (c™> + 7, C„ J f >) 

(CI W) + 75 Cf «>)««] , (19) 


contains additional gluon contributions to the neutral currents (Eqs. (67-69) 
from [1]): 


JV dd 


JV dd 


~2^ s | — v + Gp + ig s Gp G v \ 

l " s n rM® T 3 ,a, , f 1 + , 

2 COS 9 W ^ 5 down,!. m ^ y u/’ 



( 20 ) 

( 21 ) 
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as well as to the charge currents, Eq. (71,72) in [1] 


\(VM down )M - (M up V)M] G.W+ , 
C^ m : —p# 1 ” (i + \(VM down )M + (M up V) <”>] GflVfl . 

( 22 ) 

In the above, M pp (] own are usual 3x3 diagonal mass matrices defined in [1], 
and 

NT ij) \ ( + 

„ nf , > = < (W + <-> W~, down —> up), 

N± e{lj) j 1 N& 0M 

Cl w > = (c™(a~a))'. 

Cf W = - (C^tfi-S)) 1 , (23) 

while are the standard CKM matrix elements. 


5 Feynman Rules 

In this section, we list a number of selected Feynman rules for non-commutative 
QCD and non-commutative QCD-electroweak sectors up to the first order in 
9 and up to g 2 order. Higher-order terms are not considered in this work. 

The following notation for vertices has been adopted: all gauge boson lines 
are taken to be incoming; the momenta of the incoming and outgoing quarks, 
following the flow of the quark line are given by p in and p out , respectively. In 
the following we denote quarks by q £ {u^\ d^}, and the generation indices 
by i and j. In the Feynman rules we use the following definitions 

CV,q T 3 ,q L 2 Qq sill 9\y , 

C A,q = T-.i,q L • (24) 

We also make use of (9k) p = 9 pu k u = —k u 9 up = —{k9) p , ( k9p) = ky pu p u 
and 9 pup = 9 pv y + 9 vp y + 9 PP y. 

5.1 Minimal NCSM 

The 9 corrections to vertices containing quarks are obtained using Eqs. 
(unnzD- The Yukawa part of the action m has to be taken into account 


6 






as well, because it generates additional mass proportional terms which mod¬ 
ify some interaction vertices. In comparison with the SM, this is a novel 
feature. According to (l4l) . the gauge boson couplings receive 9 proportional 
corrections to three- and four-gluon couplings. 

First, let us define the three-gauge boson vertex function 

©3((/b*h), (^ 2 ),(p,k 3 )) = 

- (hOk 2 ) [(A* - k2) p <r + (h ~ hTg vp + (k 3 - hy g pp ] 

-e vp [k% (hh) - e 3 (k 2 h)} 

-9 pp [k v 3 (k l k 2 )-k v 1 (k 3 k 2 )} 

+ ( Ok 2 y [g vp k\ - k" 3 k p ] + (9k 3 y [g vp kl - k" 2 k p \ 

+ (i Ok 3 y [> kl - k?k p ] + (dhy [g pp kl - k p k p ] 

+ (OhY [<r kl - k p kl\ + ( dk 2 y [g^ kl - k p kl] , (25) 

which is the same function as in [1], but written in the explicit form. 

Similarly, the result of the four-gauge boson vertex function is 

© 4 ((/b h), (iy k 2 ), (p, k 3 ), (a, k A )) = 

(k 3 9k A ) (g pp g™-g^g up ) 

+ 9 p "[k a 3 k p - g p(T {hk A )} + 9 pa {k p kl - k 3 k A ) 

- 9 pp [klK - g™(k 3 k A )\ - 9 p °[klK - g vp (k 3 k A )) 

+ e vp [k^ - g pa (k 3 h)} + 9 ua [k 3 k A - g pp (k 3 k A )} 

+ (. Ok 3 y (k A g pa - k p g™) + (9k A y (klg p ° - fcf g vp ) 

- ( 9 k 3 y {ftsr - KgT) - ( 9 hy (k p g p ° - k a 3 g pp ) 

+ (9k 3 y (k p g™ - kl g p °) - (9k A ) p (k p g v ° - kl g pp ) 

- (9k 3 y (k£gr - Kg pp ) + (9hy (k 3 g up - k " 3 g pp ) . 

(26) 
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The three vertices that appear in the commutative SM as well are 


G a Jk) 


q 

ids 


7p 2 ^ Pin niq ) 


= igs^Tg 

+ - g s [(Pout%n)7M - (PoutO) - m q ) - 


-m 9 )(0p in ) M ] T|, 
(27) 


GS(fcs) 


G£(* 2 ) 


G£(*i) 


9s f [9fj.v(h i ^ 2 )p T 9up{.^'2 k%) p. T 9pii{k 3 ^ 1 )^] 


+ 2^^ ©3((^fci),(^fc 2 ),(p,fc 3 )) 


(28) 


The 0-corrected gggg vertex takes the following form: 



Gt(k) 

G“(fcr) 


^2 y-tayoi* (^^P _ g pp r) + f acx f bdx {g pa g up _ g pu^ 
_|_ fadx fbcx (^gPPg U(T — g^g^) | 

+1p 2 {/ ata d afa e 4 (0i, *0, ( 1 /, fe), (p, h), (a, h)) 

+ [(/h fci, a) <-► (p, fc 3 , c)] + [(p, fci, a) <-> (a, fc 4 , d)] 

+ [(i/, k 2l b ) <-► (p, fc 3 , c)] + [( 1 /, fc 2 , 6) <-► (a, k 4 , d)] 

+ [(p, fci, a) <-► (p, fc 3 , c), ( 1 /, A; 2 , 6) <-► (cr, fc 4 , d)]} ■ 


( 29 ) 








Equations (ITUIT7D describes the interaction vertices involving quarks and 
two or three gauge bosons. These do not appear in the SM. In the following 
we provide all contributions to such vertices with four legs and the corre¬ 
sponding mass-proportional contributions. 



- y {<U (K - K) T|T| + i [0„„ p (pf_ + K) - e„„m q ] /*T|} , (30) 



A,j,(k i 


G a u (h 


g s eQ q 9 lxvp (k[ — k 2 ) Tg, 


(31) 



~eg s 
2 sin 29w 


Ofjvp (K-K){pV,q 


C'A,q“lb) 2 dfxi/ TTlq 


rpa 

1 S > 

(32) 




0^ P (k1 - k p 2 ) (1 - 75 ) 


- 9 


fllS 


f m «(') 

\m d u) 


(1 - 75) 


( m d(A 


(1+75) 


rna 

1 s • 


(33) 
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Similarly, five-field vertices qqWWg, qq^/gg, qqZgg, qqW^g, qqWZg and 
qqWgg are extracted from Eqs. (1101171) as well. They have no mass-proportional 
corrections: 



K (*0 

W-(k 2 ) 

G%h) 


%# w (l -75)13, 


8 sin Q w 


(34) 



’2 egiQ q 0^ P f abc T c s, 


(35) 



Zfi(ki) 

G a u (k 2 ) 
G b p (h ) 


i e 9s 


2 sin 


-e^(cv,,-CA, q ^)r e n, 


(36) 



wy-(fci) 

d^‘) 

wy(*i) 

N \ 

A u (k 2 ) 


A v (k 2 ) 

dtf) ^ 

^ G?(* 3 ) 

/ 

^ G a p (h) 


e 2 ^ s | 
4\/2 sin 0vv 

f-vQ <w(i- 

- 75) T $, 


(37) 



vv+(&.) 

dtf) 

w-c/to 

\ 

Mvm Z u (k 2 ) 

\ 

)www Z v {k 2 ) 

d^ ^ 

^ G“(fc 3 ) 


^ G2(fc 3 ) 
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( 38 ) 


e 2 g s cos 6 \y 



Qnvp (1 — 75 ) T[ 


1 a 


4-\/2 sin 2 6 W 



W+(k 1 ) 


d® 




Wo, G®(k 2 ) 


W G“(k 2 ) 
^ G b p (h) 


d® 



~i e 9s 
4\/2 sin 6 W 



Qpvp (1 - 75) f abc T: 


S • 


fC 


(39) 


The Feynman rules for pure QCD vertices, (EUl-dHOD have already been 
given in [13]. 


5.2 Non-Minimal NCSM 


Here we give the Feynman rules for ^-corrections to gauge boson vertices 
Zgg and 'ygg in the non-minimal NCSM introduced in [16]. Observe that 
the quark sector is not affected by the change of the representation in the 
gauge part of the action, and, consequently, is the same in both models, the 
mNCSM and the nmNCSM. 


• G%k 3 ) 



2 e sin26» l yK 759 0 3 ((/i, £q), {v, k 2 ), (p, k 3 )) 5 ab , (40) 



from where K z gg = — tan#vvK 7g9 . 
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6 Conclusions 


This article, together with [1], represents a complete description of the Non- 
Commutative Standard Model constructed in [2,16] and makes it accessible 
to further research. 

We have presented a careful discussion of QCD-electroweak charged and 
neutral currents as well as a detailed analysis of the Yukawa part of the 
NCSM action. The NCSM action is expressed in terms of physical fields and 
mass eigenstates, up to the first order in the non-commutative parameter 6 . 

The novel feature of the NCSM presented in this article is the presence 
of mixtures of gluon interactions with electroweak ones. We again encounter 
the mass-proportional corrections to the quark-boson couplings, stemming 
from the Yukawa part of the action m- These features are introduced by 
the Seiberg-Witten maps. 

With these interactions provided, together with [1], we complete the anal¬ 
ysis of all interactions of the NCSM appearing at the order 9 , and hope that 
this will enable further investigations leading to the stringent bounds to the 
non-commutativity parameters. 
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